We propose an analog interference method for measuring the largest Lyapunov exponent for the optical fields generated by scattering objects and media. The method is further developed to make a device for high-speed real-time measurements of transverse correlation function of the optical fields.
Introduction
The studies of spatial complexity of optical fields have started about twenty years ago [1] [2] [3] . The correlation, spectral and other methods commonly used to analyze random fields usually give little or no information on the nature of system that generates those fields. For instance, one cannot determine whether the field is generated by a random object or a deterministic, though complex enough, system. Any optical scatter or object may be considered as a system that can generate both time and space-time chaos [4, 5] . For a time-independent case, a notion of optical field dimension may be introduced by analogy with the time-dependent case [6, 7] . For dynamic systems [8, 9] , sensitivity to initial conditions is quantified by the Lyapunov exponent [10] . Consider, for example, two trajectories with nearby initial conditions on an attracting manifold. When the attractor is chaotic, the trajectories diverge, on average, at an exponential rate characterized by the largest Lyapunov exponent [11] . The problem of characterizing the evolution of infinitesimal perturbations becomes even more complex for spatially extended systems.
Here we propose an optical method for determining the largest Lyapunov exponent of optical fields. It is based on real-time interference measurements of transverse correlation function for the intensity.
Calculations of the largest Lyapunov exponent
The Lyapunov exponent characterizes the average velocity of exponential divergence of close phase trajectories. If d 0 is an initial distance between two initial points of the phase trajectories, the distance between the trajectories, coming off these points, will depend on time t as follows:
(
The quantity λ is called as the Lyapunov exponent [12] . Each dynamic system is characterized by entire spectrum of Lyapunov exponents λ и (и = 1, 2, …, n), where n denotes the number of differential equations which are necessary for description of the system. The positive Lyapunov exponent obtained from the experimental data based on observing dynamic systems can be a proof for chaos existing in those systems. Generally speaking, a chaotic system is characterized by divergence of the phase trajectories in some similar directions and, simultaneously, their convergence in the other ones, i.e. there are both positive and negative Lyapunov exponents for the given chaotic system. The sum of all the indices can be negative, i.e. the degree of trajectory convergence can exceed that of divergence. If this condition is not satisfied, the dynamic system is instable and its behaviour is easily recognized. Thus, in most cases, it is sufficient to calculate the largest Lyapunov exponent only. The positive value of the latter indicates a possibility for chaos existing in the system, and the value of this index characterizes intensity of the chaos.
Most of the algorithms that have so far been applied for calculating the largest Lyapunov exponent manifest some disadvantages. As a rule, they require a great amount of experimental data. Moreover, the programs needed for realization of the algorithms are comparatively complex and many time-consuming calculations are involved [8] . Using the theoretical results described in the work [13] , we have elaborated the algorithm and the program for calculating the largest Lyapunov exponent. They turn out to be free of disadvantages mentioned above.
The first algorithmic step suggested by us consists in reconstructing the phase trajectory. It is represented in the form of a matrix X, each column of which is a vector in the phase space, , any X is defined as follows:
where J is the time delay (the so-called reconstruction delay) and m the embedding dimension. Thus, the quantity X represents some m M × matrix, while the constants m, M, J and N are related via
The embedding dimension is usually estimated with the Takens' theorem [14] . According to the latter, we have
with D being the Hausdorff measure of the original system. The limiting m value is referred to as the embedding dimension of the system. However, the method described here enables one to derive the correct result at smaller m values. The reconstruction delay is chosen as being equal to the time, for which the autocorrelation function decreases as 1 -1/е from its initial value. After reconstructing the phase trajectory with the above algorithm, a search of the nearest "neighbour" for each trajectory point is expected, where the nearest "neighbour" is regarded as a point j X with the minimum distance (0)
Following the work by Rosenstein et al. [13] , one can find that the couple of "neighbour" points diverges exponentially in some time period t ∆ :
where λ 1 means the largest Lyapunov exponent and j C the initial separation The largest Lyapunov exponent might be easily and accurately calculated using the least-square fit to the "average" line defined by 1 ( ) ln ( )
where <…> means the value averaged for all j. The results for the Henon's mapping are demonstrated in Fig. 1 . The diagram inclination has been calculated with the aid of the least-square technique. We have obtained the value λ 1 = 0.403 that almost corresponds to the theoretical one (λ 1 = 0.418). 
Interference method for measuring the largest Lyapunov exponent for the field intensity
For spatially inhomogeneous fields, such as a speckle field, the constructed dynamic system will have the same dimension as the original system for 1 2 + > D m [15] . In order to calculate the largest Lyapunov exponent for a single generalized coordinate, namely for the intensity ( ) r I of the object field, we construct the dynamic systems, so that 
where i I are the field intensities at the points i x .
The numerical "distances" from the ith to jth points are given by 
For a single generalized coordinate, the field intensity ( ) r I , we construct the relation given by Eq. (4), whose slope is proportional to 1 λ . Thus, the procedure by Rosenstein et al. [13] discussed in Sec. 2 may be used for evaluation of the largest Lyapunov exponent 1 λ . However, direct application of this procedure to real physical systems with high embedding dimensions is difficult, since it requires a large number of sampling points.
To bypass the difficulties associated with digital processing, we suggest performing some operations in the analog mode. The Lyapunov exponent 1 λ appears to be closely related to some correlation characteristics of optical fields, particularly the structure function [16] 
For locally uniform and isotropic fields, the intensity structure function is linked to the intensity correlation function, ( ) 
Apparently, for large m the expression given by Eq. (9) would be approximately equal to the square root of the structure function and r δ implies the interval over which the field intensity is measured.
Now we present our interference technique for measuring the largest Lyapunov exponent in optical fields for the case of intensity distribution in nematic liquid crystal cell (the white-light image, see Fig. 2 ).
Fig. 2. Optical field for the intensity distribution in nematic liquid crystal cell (white-light image).
A nematic liquid crystal E7 is sandwiched between two glass substrates. The cell gap is maintained by a 7 µm-thick spacer film. Electric field is applied to the liquid crystal cell using transparent ITO electrodes deposited on internal surfaces of the glass substrates. Sinusoidal electric field (25 V and 2000 Hz) is applied to the composite cell. In this case chaotic space-time fluctuations are present in the system. , which has been determined for the intensity distribution displayed in Fig. 2 . First we find the quantity ⊥ ρ equal to the lag where the structure function drops to 1/e from its initial value. For ⊥ > ρ ρ we locate the nearest neighbour of each point on the trajectory, for which Eq. (2) is true. This transverse displacement in Fig. 3 corresponds to min ρ and is greater than the average period of spatial fluctuations of the intensity field.
The distance between the trajectories in the m-dimensional space, The embedding dimension, i.e. the value m , is taken to be very large in order to approximate the structure function (9) with adequate accuracy. In addition, the structure function has the same form for large data arrays, irrespective of the origin of ρ . (see Fig. 2 ), which has been calculated using the procedure of Rosenstein et al. [13] ( 1 λ = 0.187), agrees well with that obtained on the basis of commonly used method ( 1 λ = 0.191). However, the processing time has been reduced by about two orders of magnitude.
The intensity structure function may be evaluated by measuring the local field intensities using the computer processing of the data and Eq. (7). Another possibility is to measure the transverse intensity correlation function using an intensity correlator and then substitute the data into Eq. (8) . The function could also be evaluated by measuring the field correlation function with a shearing interferometer, subsequently determining the intensity structure function ( )
and employing the relation [15] [ ] A telescope consisting of two objective lenses transforms a light beam from singlemode laser source to a plane wave. The radiation resulting from interaction with a sample is split by a shearing interferometer into two displaced components of equal intensities, whereupon those components are optically mixed at a detector. The mixed output beams are coaxial. The field of the arbitrary cross-section area resulting from interaction with the sample is then projected onto the plane of a field-of-view diaphragm by means of an objective lens. An aperture is used in order to control the spectrum of recorded spatial frequencies. The optical components listed above, plus a photodetector, comprise a system for longitudinal scanning of the field. Notice that the transverse displacement of the split beams in the Mach-Zehnder interferometer is accompanied by longitudinal displacement of the same magnitude, which is sometimes undesirable. To remove it, a polarization interferometer might be employed [17] .
Conclusion
In summary, we have proposed the interference approach aimed at derivation of the largest Lyapunov exponent for the coherent chaotic optical fields. For this aim we have applied high-speed real-time correlation techniques. The largest Lyapunov exponent for the field intensity calculated using our procedure has appeared to be in good agreement with that obtained by the commonly adopted method.
